STA500 Introduction to Probability and Statistics 2, autumn 2018.

Solution exercise set 4

Exercises from the book:

8.13

The easiest way to do this is to just use the function for calculating sample standard
deviations on your calculator. Then you just punch in the data on the calculator and get
the sample standard deviation calculated.

Alternatively you can approach the problem by first simplify the formula for s2, for instance
to (see also theorem 8.1 in the textbook):
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For the given data we get 7 = Y220, x;/20 = 53.3/20 = 2.665 and Y2, #? = 148.55 which
gives
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The sample (or estimated or empirical) standard deviation (the book wrongly writes just
“the standard deviation” in the exercise text) then becomes: s = 1/0.342 = 0.585.

8.14

a) If we add a constant ¢ to all the data z1,...,z,, the data becomes x1 +¢,...,z, + ¢,
and the average becomes = + c. We then get:
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b) If we multiply all data z1,...,z, by a constant ¢, the data becomes cx1,...,cx,, and

the average becomes cz. We then get:
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8.21

Since o = SD(X) = y/Var(X) = \/o2/n = 0/\/n and pg = E(X) = pu with n = 40,
o = 15 and g = 240 (which holds if the machine is correctly adjusted!) we get that the
machine is correctly adjusted if 40 is in the interval

[l — 205, i + 20 5] = [240 — 2+ 15/1/40, 240 + 2 - 15//40] = [235.3, 244.7]

Since 236 is in this interval they made the correct decision.

Notice that from the rule of thumb saying that in many cases around 95% of the measure-
ments will fall in an interval plus/minus two standard deviations from the expectation, we
get in the present example that if the machine is correctly adjusted there is a probability
of around 95% of getting a value in the calculated interval.

8.26

Let X be the amount of time spent by a random customer. Notice that the distribution
of X has not be specified! However, we know that X is having expectation p = 3.2 and
standard deviation o = 1.6 . Further let X = 6—14 9. X; be the average time spent by 64
randomly selected customers. The central limit theorem (CLT) now gives that:

X — X—-32 X-32
a/\yn 1.6/8 0.2

i.e. Z is having an approximate normal distribution.

Z
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_ X —-32 27-32
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9.81

The exercise text is maybe a bit unclear in this exercise. When it is said that z1,...,z, is
a Bernoulli-process (or the outcome of a binomial trial) with parameter p, this means that
T1,...,Ty is the outcome of a 0-1 variable X1, ..., X,, with distribution

f)=p"1-p)=2 |2=0,1

(ie. P(X =1)=pand P(X =0)=1—p). We then get
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Checking that we have found a maximum:

Pl(p;xq,. .. 1 & 1 "
(P21, 2n) =—= ZZCZ - 7)2 <n - sz> <0 ie. maximum!
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We can also check if the estimator is unbiased. Notice first that E(X) = Y, zf(z) =
0(1 —p) + 1p = p. Then:

Enl S EXi= > p=p

We see that E[p] = p, the estimator is unbiased.
9.84/9.82
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b)
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Since we here shall optimize over two parameters, a and S we must solve the equations
% =0 and %ﬁﬂ) = 0 simultaneously, i.e. solve the system of equations:

O, f) _ m _N~p_
Oa a ;xz =0
m(gﬁ’ﬁ) = % - agmf In(x;) + Zz:;hl(xi) =0

The first equation gives a simple expression for a (o =n/ Y i~ xf ) which can be inserted in
the second equation, and we can then try to solve this equation with respect to 8. However,
this equation can not be solved analytically, numerical methods must be applied to find a
solution.

Exercise 1:

We first calculate the cumulative distribution function of X:
xT
Fx(z) = / A Mdt=1—e for x>0
0

To find the probability density of V' = max(Xy, X3) we first calculate the cumulative
distribution function:
Fy(v) = P(max(X1, X2) <v) = P(X; <vNXs <o) "% P(X; < 0)P(Xo < v)

= Fx(w)?l=00—-e™?=1-2M+e? for v>0

Le. the pdf of V becomes:

/

fr(w)=F () =2xe ™ =22 for v >0

For the exponential distribution we have that E(X) = [§°zAe *dz = 1, and we can use
this result also in the calculation of E(V):

E(V):[ vf(v)dv:/o v(2Xe™ — 2 e PV)dy = 2 ; v)\e_’\”dv—/o v2 e M dy

Thus since E(X) = } we have that E(X) < E(V) < 2E(X) which is as expected since V is
the largest of to X-values. Since V' = max(X;, X2) we will expect that E(V) > E(X) and
that E(V) < E(Xl + XQ) = QE(X)




Exercise 2:

a)
5
B(in) = 5[ B(X) + Y BV = | Zu " Zu L 10p+ 150 =
=1 =1
E(is) = 2B(X)+ -B(V) = 2u+ p=p

I.e. both estimators are unbiased.

Var(pn) = Var(gl[] ZX +ZY 2—52VarZX +ZY
indep 1
= @[va( —i—ZVar = 353 —[10-0.01 + 15 - 0.09] = 0.00232
6 d I | _
Var(fn) = Var(ZX + 7Y) indep. (2)*Var(X) + ()*Var(Y)
6.,0.01 1.,0.09
= (2) ==+ (2)*=—= =0.00085
(Z) 45 + (7)1 = L.000857

Since both estimators are unbiased and Var(fi1) > Var(fiz), fi2 is the best estimator.

b) Since we want to have an unbiased estimator, we must have:
E(ft) = aBE(X) +bE(Y) = apu +bp = p

I.e. we must have a + b = 1. Further we want to have an estimator with as small variance
as possible. The variance of the estimator becomes:

indep. 20015009
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Var(ji)
= 0.001a® + 0.006b>
I.e. to find the unbiased estimator with the smallest possible variance, we must find the

values a and b where a +b = 1 and where at the same time 0.001a? + 0.006b? is as small as
possible. Substituting b = 1 — a into the last expression we get the following expression to

minimize:
V(a) = 0.001a*+ 0.006(1 — a)? = 0.007a> — 0.012a + 0.006
V'(a) = 0.014a —0.012=0
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Hence we see that fis from b) is the best unbiased estimator in the present case!



Exercise 3:

Let X, denote the result of a measurement using method 1 and let X5 denote the result of
a measurement using method 2.
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4.0 —-4.3
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I.e. the estimator is unbiased.
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