STA500 Introduction to Probability and Statistics 2, autumn 2018.

Solution exercise set 7

Note on Bayesian statistics, exercise 1
Remember that the true density in this case is

fa) = = (— S ”2) |

First expression: h(z) = exp <__(x_21)2>

Clearly ¢ = (27)~/? will give us that ch(z) = f(z)
Second expression: h(x) = 2exp (—%wQ + x)
Note that

1 1 1
h(z) = 2exp —§$2+$—§+§ :

_ (z—1)2
2

— 2exp(1/2) exp (—(x — 1>2) :

2

thus ¢ = 1/(2exp(1/2)v/27) will make f(z) = ch(z) true.

Third expression: h(z) = Lexp <_@ + 1)

Clearly

h(z) = %exp(l) exp (—(‘7” S 1)2)

which gives us the normalizing constant ¢ = 7/(exp(1)v/2m).



Note on Bayesian statistics, exercise 2

With the exponential density written as f(t|6) = fe=% we get the likelihood

n n

L) = JL o) = TJoe " = ome?mn
=1

i=1
The prior density is given as p(f) = 2e~2. We then get the following posterior distribu-
tion:

p(f|data) = ¢ - L(A) - p(h) = cfme 0 Xim1tige™20 — ¢ gntl-le—0( i tit?)

We see that this (as a function of 6) is on the same form as a gamma distribution with
parameters n+ 1 and 1/(>°" | ¢; +2). Le. the distribution is a gamma distribution with

parameters n+ 1 and 1/(>°7_ t; + 2).




Note on Bayesian statistics, exercise 3

First we observe that n = 10 and § = 69/10 = 6.9, thus

atny  3+69
n+b-t 10+1/2

ABages = 6.86,

and
a+ny—1 3+69-—1
n+b-l 104 1/2

Aap = ~ 6.76,

Note on Bayesian statistics, exercise 4

For the Bernulli(6)-distribution we have that

L(@) = H@yz‘(l — 9)1—% — i yi(l _ G)n—zi vi.

i=1

Thus the posterior kernel can be written as

p(9|y) x O yi(l — 6)”721' yiga*1(1 _ 0)(;717
= gl y")fl(l — 9)(b+n72¢ yi)—1

which we recognize as beta(a + Y, y;, b+mn —Y ;) distribution.



Exercise 2 in MLE-note:

a) The situations is characterised by:

e Independent trials - it is independent from plate to plate whether it is OK or not.

e We repeat the trials until success number k - we examine plates until £ OK plates
are found.

We record “success” /not “success” - whether a plate is OK or not.

The probability of “success” is the same in all trials - same probability of OK for
each plate.

Then X = “number of plates we need to check to find k£ OK plates” is having a negative
binomial distribution with parameters k& and p.

b) For the negative binomial distribution we have f(z) = (i B %)pk(l —p)*k, and we
then get:

n

L(p) = Hf(xi) = H(“lg_—ll V(1 — p)Fik = (H(%—_ll )> P — p) T ik

=1
ip) = mumzhlIF%:%0+ﬁWM+m@_mZ%mnk

- ln(H(CZ’__ll)) +nklnp + (sz —nk)In(1 — p)

i=1 i=1

dl(p) nk YL,z —nk

= == =
dp P 1—p
nk(1l — p) Z?:l x; — pnk
- =0
p(1—p) p(1—p)

nk(l—p)—pzyci+pnk:0

=1

nk—pixi =0
i=1

I.e MLE becomes p = % - %



c) We start by finding the second derivative of the log-likelihood at p:

9?l(p) nk Y. x;—nk

J — "
(®) op* p* (1—p)?
J( A) nk Z?:l Li — nk nk(l B ]5)2 + (Z?:l Ly — nk)ﬁQ
p) = —%= — = = - = -
P2 (1-p)? p*(1 = p)?
_ nk = 2nkp+nkp® + 300 wip® —nkp®  nk = 2nkp+ 300 wi(nk/ 300 wi)p
p*(1—p)? p*(1—p)?
nk —nkp nk

CpA(1—-p)? Pl - p)

The Wald confidence interval then becomes:

[p=20/2V/ =1/ (D), Dt2as2V/ =1/ T ()] = [P — Zaj2v/D*(1 = P)/nk;, P + Zas2/P*(1 — P)/nk]

d) For the negative binomial distribution we have that p = k/p and by the invariance
property of maximum likelihood estimators it follows that (since u = k/p is a one-to-one
transformation from g to p and & is known)

k k

[P

B(i) = B(X) = - B(X) = Y p=p

I.e. the estimator is unbiased.

e) Since >.° 2, =6-+6+T+6+8+6+9+6+7+8+6+10+6+8+7 = 106 we get:

h = =~ =0.85
p 15 z; 106 —

1
g = x=106/15=7.07
With o = 0.05 we have z,/2 = 20.025 = 1.96 and we get

[p = Zaj2V/D*(L = D) /nk, p + 2020/ P*(1 = P)/1k]

— [0.85 — 1.96/0.852(1 — 0.85)/15 - 6, 0.85 + 1.961/0.852(1 — 0.85)/15 - 6] = [0.78, 0.92]




Exercise 1:

a) First remember that for the exponential distribution we have

t
F(t) = P(T < )= [ Aedu=[-e ™= 1— ™
0

Then: P(T T>1) Pl<T<?)
<2NT>1 1<T <2
P(T <2T>1) = —
(T<2T>1) P(T > 1) 1 P(T<1)
F(?) _ F(l) 1— —0 25-2 (1 6—0.25-1)
1 _ F(l) 1 _ (1 _ 6_0'25 1) e——

Or we can do this simpler by using the fact that the exponential distribution is memoryless
(notice this only holds for the exponential distribution):

[\

memoryless
= P(

P(T <2|T > 1) T<1l)=1-e"%1=0.2

Since the times between failures are independent and exponentially distributed we have
a homogeneous Poisson process. The number of failures during two years is then Poisson

distributed with expectation A\t = 0.25-2 = 0.5. L.e. if X=number of failures during two
years:

PX>1)=1-P(X<1)=1-P(X=0—P(X=1)=1——¢ 05 _ 22705009

b) Recall that the density of the exponential distribution with parameter A is f(t|\) =
e~ The likelihood is then

L(\) = f[ ftiN) = er—ﬁ A A It

: Y 4
Estimate: \ = 361 = 11



c) The interpretation of a posterior distribution is that it is a (subjective) probability
distribution which expresses our knowledge /uncertainty about a parameter (here \) based
on prior knowledge and information in data.

The posterior distribution is here given by:
n 1
p(Mdata) = c¢-L(\)-p(A) = eAte A izt \aTle= Ve

beI'(a)
_ CQAn-i-a—le—)\(Z?:l t;+1/b)

We see that this (as a function of \) is on the same form as a gamma distribution with
parameters n+a and 1/(>"7"  t;+1/b). Le. the distribution is a gamma distribution with
parameters n+a and 1/(3°1, ¢; + 1/b).

A common estimator is the expectation in the posterior distribution. In the gamma
distribution the expectation is the first parameter times the second parameter, i.e. we

get:
n-+a

A = " F0
Bayes 2?21 t+ 1/b

d) First we have to find the values of ¢ and b. From the information in the text we
have that the expectation in the prior distribution is ab = 0.2 and variance ab?® = 0.004.
Inserting the first in the latter we get 0.2b = 0.004 which implies b = 0.02 and thus

a = 10. We then get:

A 4410
ABaves = ———————— = 0.16
Bayes = 36 441/0.02 =

We see that the Bayes estimate falls approximately midways between the MLE esti-
mate 0.11 and the prior estimate 0.20 (the prior expectation). This shows that in this
case is the prior information and the information in data approximately equally weighted.



e) The posterior distribution for A is a gamma distribution with parameters a* = n+a =
4410=14and b* =1/(> " t;+1/b)) = 1/(36.441/0.02) = 0.0116. To set up a Bayes
interval we then just need to find the quantiles in this distribution, i.e. to find v1_a/2,* b+
and 7o 2,4+ 5+ stuch that

P(%—a/z,a*,b* <A< %/Q,a*,b*) =1-a«

This can be done by using the relationship between the gamma distribution and the
y2-distribution given in the list of transformation results in the collection of formulas.
This result says that if X has a gamma(a, b)-distribution then Y = (2/b)X has a x3,-
distribution. Thus:

2 22 2
P T —Q a*.b* < e < Yo a* b* — ]_ —
<b*71 /2,a%.b b b*7 /2,07 b*) «
2 2
P(oMaprapr <Y < 2hapzar) = 1-a

where Y is X3, L.e. Yi—a/2apr = %X%fa/QQa* and Yo /9,00 b+ = %Xi/ma*' Thus the 90%
Bayes interval becomes:

b* 5 b* 5 0.0116 , 0.0116 ,
(’Ylfa/2,a*,b*>’Ya/2,a*,b*) = §X1—o¢/2,2a*7 EXQ/Q,Qa* = (TXO.95,287 TXO.%,QS)
0.0116 0.0116

= 116.928, = — -41.337) = (0.10, 0.24)

Interpretation: There is a (subjective) 90% probability that the parameter A is in this
interval.



Exercise 2:

a) To calculate a posterior distribution we need the likelihood and the prior distribution.
For observations Xj,..., X, from a normal distribution with known variance o2 the
likelihood becomes:

n | (w5 — p)* 1 -~ (@i p)?
20 = [0 =TT 5z, o0 (-554) = e <_ZTQM>

i=1 =1

According to the information in the text, the prior density is:

plu) = éap exp G%)

The posterior then becomes

p(pldata) = c- L(p) - p(p)

B 1 — (zi—p)) 1 (1 = p1p)”
- ¢ (271')”/2(7" eXP( Z 202 27ro'exp B 202

i=1 p

Below it is also shown how we from the above starting point get the posterior distribution
result given in the text (this was the optional part of the problem).

As a first step we notice the following property of the normal distribution density. The
general normal distribution density is given as

f(x) = ! exp (— (a: — 'u>2) ! exp (_13 s M2> = Cc-exXp <——I2 — 2MI>

- V2o 2072 - om0 202 202

where ¢ is some constant. l.e. to identify the parameters of the normal distribution we
only need to know the part —%’ﬂ of the exponent. The mean is given after the 2 in
the z-term and the variance after the 2 in the denominator.

Starting from the expression for the posterior given above (and note that this is a function

of p) we get:
p(u‘data) = C- ; exp — i (xz — M>2 1 eXp _M
(2 )n/2g7 — 202 2ro 202
pal = 2u Y 12 = 2puqiy + 4o
= C9-€xp (_ Zz—l 22302-;1 Zz—l ) exp (_ 202? p>

B iy T = 200w Yo 4 (0P = 2, + )0 )
= C9-€exp

202 02

2,2
20 o,

=oAL w0 ) (00 +02)]M)
20203/(7105 + 0?)

< nop + o) — 20007 T o) + o)+ D0 1 o) + o )
= C2



This is now as a function of y on the form of a normal distribution density, and if we
compare with our general normal density above we see that this posterior distribution is

" x'~02+ o2 o202 .
im0y Hipo” ?_ as it should be.

a normal distribution with mean o and variance ——25
naero' no'ero'

b) The standard Bayes estimate is the mean in the posterior distribution, and we here
have:

n L2 2 n A2 2 2 2
D i1 T Op T Hpo~ D i1 T Op UpO . Op - o’/n

= = T+ il
2 2 2 2 2 2 2 2 2 2 P
no, +o no, +o no, +o Jp—i—a/n op—f—a/n

/lBayes =

This shows that the Bayes estimate is a weighted average of the data average z and the
prior mean p,. We see that the data is given most weight when az > o%/n = Var(X)
and that the prior is given most weight when o> < 0?/n = Var(X). Le. the part with
smallest variance of the data average and the prior mean is given most weight.

With the given data and prior information the estimate becomes:

5-13.6-1.5% + 11 - 5

PBayes =~ 5 1 LD

Since 012, =1.5> = 2.25 < ¢%/5 = 5%2/5 = 5 the prior information is given most weight in

this case. We see that 11.8 is closer to p, = 11 than to z = 13.6.

c) The posterior distribution is a normal distribution with mean 11.8 and variance
or0°/(nol 4+ 0%) = 1.57 - 52/(5 - 1.5° + 5°) = 1.55. Thus we have the posterior prob-
ability:

@w—11.8

V155
P(11.8 = 2as - V1.55 < 1 < 11.8 4 2402 - V1.55) = 1—a

P(—zq2 < <Zap) = l—a
With o = 0.05 and thus z,/2 = 1.96 we get the 95% Bayesian interval:
(11.8 — 1.96 - V/1.55, 11.8+ 1.96 - V/1.55) = (9.4, 14.2)
The 95% confidence interval for p in the normal distribution when o is known is
(2—1.96-0/v/n, T+1.96-0/v/n) = (13.6 —1.96-5/v/5, 13.6+1.96-5/v/5) = (9.2, 18.0)

We see that the confidence interval is much wider which is natural. When we use less
information there is more uncertainty.



d) A nice thing by using a Bayesian approach is that we can use the knowledge from the
experts based on other sources than data from the current situtation and combine this
knowledge with information from data. This gives us more precise estimates.

A potential danger by using the Bayesian approach is if the expert knowledge is wrong.
For instance if there has been some recent development in the pollution level which the
experts are not aware of (for instance a recent unknown discharge) then the (wrong) prior
information from the expert may drag the estimate in a wrong direction. This would in
paricular be problematic if a strong prior distribution is used (i.e. a prior distribution
with low variance reflecting that the experts think they have very precise knowledge).



